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The duality technique is applied here to improve the upper estimate of the order
of starlikeness on the class of uniformly starlike functions. An example is presented
to show that for the class of functions, starlike with respect to symmetric points,
the order of starlikeness is minus infinity. Q 1999 Academic Press
1. INTRODUCTION
Ž . ‘ Ž . kLet A be the class of functions f z s z q Ý a f z , regular andks2 k
normalized in the unit disk D. We shall study the relation between two of
Žits subclasses, the class of starlike functions of order a , a - 1 for a - 0 it
.contains nonunivalent functions ,
zf 9 zŽ .
ST a s f g A : R G a , z g D , 1Ž . Ž .½ 5f zŽ .
and the class of uniformly starlike functions,
z y z f 9 zŽ . Ž .
UST s f g A : R G 0, z , z g D = D . 2Ž . Ž .½ 5f z y f zŽ . Ž .
w x Ž .The latter was introduced by Goodman 1 , the condition 2 meaning
Ž .that the image f g of any circular arc g , lying in D and centered at
Ž . Ž .z g D, is starlike with respect to f z . Evidently, UST ; ST 0 s ST , the
latter being the ordinary class of starlike functions. On the other hand,
w x Ž .Rønning showed in 5 that UST o ST 1r2 and posed the problem of
Ž .determining the largest a G 0 such that UST ; ST a . We refine this
result in the following
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Ž .THEOREM 1. If a ) a s 0.1483 . . . , then UST o ST a . The bound is0
determined as a s 1 y hy1r2, where h s 1.3786 . . . is the maximum of the0 0 0
function
1 2 2'h s, t s 1 q st q 1 y s 1 y t 1 q stŽ . Ž . Ž .4
2 2'q 1 y t 1 q t q 2 st 3Ž . Ž . Ž .
in the square 0 F s, t F 1 which is attained for s s 0.9246 . . . , t s0 0
0.7803 . . . .
It remains unknown, however, whether there is a positive a such that
Ž .UST ; ST a .
Note that for the class
zf 9 zŽ .
SSP s f g A : R ) 0, z g D 4Ž .½ 5f z y f yzŽ . Ž .
Ž w x.of functions starlike with respect to symmetric points introduced in 7
Ž .the same problem can be completely solved. Consider the function f z s
Ž . Ž 2 .z 1 q az r 1 y z g SSP with 0 - a - 1. A straightforward calculation
w if Ž if . Ž if .xshows that lim lim R e f 9 e rf e s y‘; hence SSP ;a“ 1 f “p
Ž . Ž .ST a holds for no a even negative .
2. PROOF OF THE THEOREM 1
We shall further use the duality technique introduced by Ruscheweyh
w x6 with appropriate changes. Given a class V ; A, define its dual to be
V * s g g A : f ) g z rz / 0, f g V , z g D , 4Ž . Ž .
Ž .Ž . ‘ Ž . Ž . kwhere f ) g z s z q Ý a f a g z is the convolution of the twoks2 k k
Ž .functions. We shall call V ** s V * * the dual hull of V.
w xBy a slight variation of the reasoning in 3 it is possible to show that
UST s V*, where
z j q 1 j y 1
< < < <V s g z s y : j s v s 1 . 5Ž . Ž .2½ 52 1 y z 1 y v zŽ . Ž .1 y zŽ .
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w x Ž .On the other hand, in accordance with 8 we have ST a s C*, where
2 y 2a q h q 2a y 1 zŽ .
< <C s g z s z : h s 1 . 6Ž . Ž .2½ 52 1 y a 1 y zŽ . Ž .
Ž .Assume that UST ; ST a . By elementary properties of dual sets
Ž w x.proved as in 6 , we deduce that C ; C** ; V**. Set
y1cm V s x g xz : g g X , x g D .Ž . 4
Ž w x. Ž .It is easy to verify see 4 that V** s cm V ** and that cm V is compact
wand complete in A. Therefore, by a counterpart of the duality principle 6,
x4 , we deduce that for any continuous linear functional l on A there holds
l C ; l V** s l cm V . 7Ž . Ž . Ž . Ž .
Ž . Ž .Consider a functional l g s g r with a fixed r, 0 - r - 1. By taking
h s 1, choose g g C so that0
1 y a q a r
l g s g r s r , g g C. 8Ž . Ž . Ž .0 0 021 y a 1 y rŽ . Ž .
< y1 Ž . < Ž .The idea of the proof is to show that x g xr - g r for all g g V,0
x g D, provided that r is taken close enough to 1. This contradicts to the
Ž .inclusion 7 and, hence, to the original assumption.
y1 Ž . < <Since x g xr is a regular function for x F 1, its maximal modulus is
< < 2 i t iw iuattained on x s 1. Therefore, by setting j s e , x s e , and xv s e ,
we obtain
< y1 < < < < <x g xr s r w w cos t y iz sin t , 9Ž . Ž .
Ž iw . Ž iu .where w s 1r 1 y re , z s 1r 1 y re .
Now, maximization over 0 F t F 2p yields
2 2 2 2< < < < < <w q z q w y z
< <w cos t y iz sin t F . 10Ž .(
2
Ž . < <Since 1r 1 y xr maps the unit circle x s 1 onto another circle whose
center and radius are easily found, then we can write
w s 1 q reic r 1 y r 2 , and z s 1 q rei x r 1 y r 2 . 11Ž . Ž . Ž . Ž . Ž .
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< w . x < < wŽ . x <By denoting s s cos c q x r2 and t s cos c y x r2 , after certain
Ž . Ž .elementary estimates we get from 9 ] 11
'H r , s, tŽ .y1< <x g xr F r , 12Ž . Ž .21 y rŽ .
where
2 21 q r q 2 ra s, t 1 q r q 2 rb r , s, tŽ . Ž .
H r , s, t s , 13Ž . Ž .41 q rŽ .
2 2'a s, t s st q 1 y s 1 y t , 14Ž . Ž . Ž . Ž .
2 2 2'b r , s, t s st q 1 y t 1 q r t q 2 rst . 15Ž . Ž . Ž . Ž .
The rest of the proof represents showing that the estimate
H r , s, t F max H 1, s, t s h s , t s h s 1.3786 . . . , 16Ž . Ž . Ž . Ž .0 0 0
0Fs , tF1
holds for all 0 F r, s, t F 1. In order to do it, we reduce the original
domain to a sufficiently small rectangle and then show that in the latter
one the function has a unique maximum which can be found by the
gradient method. The process is rather tedious due to the complexity of
the function.
Ž . Ž .First, observe that a s, t F 1 and b r, s, t increases with s; hence we
get
2
2'1 q t q 1 y t rŽ .
H r , s, t F s H r , t . 17Ž . Ž . Ž .1ž /1 q r
Ž .On one hand, H r, t is an increasing function of r, 0 F r F 1; therefore,1
2
2'1 q t q 1 y tŽ .
H r , t F H 1, t s . 18Ž . Ž . Ž .1 1 4
Ž .The right-hand side in 18 does not exceed h for 0 F t F t and for0 1
t F t F 1, where t s 0.4608 . . . , t s 0.8874 . . . ; consequently, under2 1 2
Ž .these conditions on t the estimate 16 surely holds, whatever r, s are.
On the other hand,
2'1 1 q 2 r
H r , t F H r , s ,Ž .1 1 ž / ž /' 1 q r2
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Ž . Žand it suffices to verify 16 only for r F r F 1, where r s h y'0 0 0
'. Ž .1 r 2 y h s 0.7255 . . . .' 0
X Ž .Note also that since for s F t - 1 the derivative a s, t is positive,s
XŽ .hence H r, s, t G 0, and we may restrict ourselves to the case t F s F 1.s
Now prove that under the above constraints the maximum is attained at
Ž .2r s 1. To this end, set x s 2 rr 1 q r and write
H r , s, t s 1 q x a s, t y 1 1 q x b r , s, t y 1 s F x , r , s, t . 4  4Ž . Ž . Ž . Ž .
19Ž .
Ž .By the full derivative formula s, t are independent of r we obtain
XH s a s, t q b r , s, t y 2 q 2 x a s, t y 1 b r , s, t y 1 x9 r 4Ž . Ž . Ž . Ž . Ž .r
Xq 1 q x a s, t y 1 xb r , s, t s G x , r , s, t , 20 4Ž . Ž . Ž . Ž .r
Ž . Ž . Ž .3 Ž .where x9 r s 2 1 y r r 1 q r . Note that G x, r, s, t is a quadratic
function with respect to x, with a negative coefficient at x 2. So, as x varies
Ž .between 0 and 1r2, it suffices to check that G x, r, s, t G 0 only for the
end points of the interval.
Ž . w Ž . Ž . x Ž . Ž . Ž .We have G 0, r, s, t s a s, t q b r, s, t y 2 x9 r s k r, s, t x9 r . A
straightforward calculation gives kY - 0, so that the function is concaves s
with respect to s, whereas at the end points we have
2 2 2 2 2' ' 'k r , t , t s 1 y t 1 q 2 rt q r t y 1 y t ) 0, 21Ž . Ž .Ž .
1 q t
k r , 1, t s 1 y t 1 q rt y 2 ) 0, 22Ž . Ž . Ž . Ž .(1 y t
because the expression in the square brackets is bounded from below by
Ž .1 q r t 1 q t r 1 y t y 2 s 0.19 . . . ) 0. Consequently, under'Ž . Ž .0 1 1 1
Ž . Ž .the above constraints G 0, r, s, t ) 0. The inequality G 1r2, r, s, t ) 0 is
proved in a similar way.
Thus, we have established that
H r , s, t F H 1, s, t s h s, t s A s, t B s, t r4,Ž . Ž . Ž . Ž . Ž .
Ž . Ž . Ž . Ž . Xwhere A s, t s 1 q a s, t , B s, t s 1 q b 1, s, t . Obviously, A G 0 fort
t F s F 1. Consider
s y 3st 2 y 2 t 3
XB s s q .t 2 2' 1 y t 1 q t q 2 stŽ . Ž .
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It is easy to see that
21 y 5t
XB G s 1 q , 23Ž .t 2 2' 1 y t 1 q 3tŽ . Ž .
2 Ž . Xbecause t F t F s F 1 and 1 y 5t - 0. From 23 we obtain that B G 01 1 t
X XŽ . 'and hence H G 0 for t F t s 3r7 s 0.6546 . . . , so we may replace thet 1
lower bound of t by tX .1
Now we improve the upper estimate for t. Notice that
X2'B s, t F 1 q t 1 y t q 1 , A s, t G 1 q t , A F 1. 24Ž . Ž . Ž . Ž .Ž . t
In view of the inequality 1 y 3t 2 - 0 which holds for t G tX we also1
obtain
t 1 y 5t 2Ž .
XB F 1 q . 25Ž .t 2' 1 y t 1 q tŽ . Ž .
Ž . Ž .From 24 and 25 it follows that
1 y 2 t y t 2 y 6 t 3
XH F 2 q 2 t q s p t ,Ž .t 21 y t
Ž . Ž .provided that the right-hand side in 25 is negative. The equation p t s 0
X w X x Ž .has a unique root t s 0.8633 . . . on t , 1 ; besides we have p t F 0 for2 1
tX F t F 1. With this in mind, it suffices to consider t such that tX F t F tX .2 1 2
Assuming that s F s F s , t F t F t , estimate H X from below. Wey q y q s
have
21 y tyX0 ) A G t y s , 26Ž .)s y q 21 y sq
2 20 - B F 1 q s t q 1 y t 1 q t q 2 s t , 27' Ž .Ž . Ž .q q y q q q
2't 1 y ty qXB G t q ) 0, 28Ž .s y 2'1 q t q 2 s tq q q
2 2A G 1 q s t q 1 y s 1 y t ) 0. 29' Ž .Ž . Ž .q y q y
Ž . Ž . X XFrom 26 ] 29 we obtain that H G 0.0013 . . . ) 0 for t s t , t s 0.69,s y 1 q
s s 0.865 and, similarly, H X G 0.0306 . . . ) 0 for t s 0.69, t s tX , s sq s y q 2 q
Ž .0.865. We conclude that the maximum of h s, t cannot be attained for
s - s s 0.865.1
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To estimate s from above we use the following inequalities
2 2 2'B G 1 q t q 1 y t 1 q 3t G 18r7 s 2.5714 . . . , 30Ž . Ž . Ž .
X 'for t s 3r7 F t F 1, the minimum being attained at the left end of the1
interval,
A F 2, 31Ž .
X 21 y t2X XA F t y s - 0, 32Ž .(s 2 21 y s
21 y t
X XB F t 1 q F 3t r2. 33Ž .(s 22ž /1 q 3t
Ž . Ž . XFrom 30 ] 33 it follows that H - 0 whatever s ) s s 0.9654 . . . .s 2
Next we increase the lower estimate for t. For tX F t F tY s 0.74,1 1
s F s F s we have H X G 0.035 . . . ) 0; therefore, the domain where the1 2 t
maximum is sought reduces to the rectangle tY s 0.74 F t F tX s1 2
0.8633 . . . ,, s s 0.865 F s F s s 0.9654 . . . . It is possible to verify that1 2
under these conditions BX - 0, and BY ) 0, whereas the signs of the othert s t
first and second derivatives of A and B can be found immediately.
Ž w x.Finally, we use the following result see 2, pp. 519, 523 .
LEMMA 1. If f is a twice differentiable function in a con¤ex domain
G ; Rn and its second differential d2 f is a negati¤e definite quadratic form,
then f has a unique maximum in G.
Y Y Y Ž Y .2With this in mind, let us estimate H and D s H H y H . Thiss s s s t t s t
can be done by similar considerations as above; yet some of the previous
estimates can be refined because now we can employ their monotonicity.
Thus, for 0.865 F s F 0.9654 . . . , 0.74 F t F 0.8633 . . . there holds HY Fs s
y10.72 . . . - 0.
Unfortunately, an immediate estimate of D on the whole rectangle will
be negative, so we need to partition the range of s.
Consider the following cases:
1. 0.865 F s F 0.877, 0.74 F t F 0.8633 . . . with D G 1.05 . . . ) 0;
2. 0.877 F s F 0.891, 0.74 F t F 0.8633 . . . with D G 1.52 . . . ) 0;
3. 0.891 F s F 0.907, 0.74 F t F 0.8633 . . . with D G 2.39 . . . ) 0;
4. 0.907 F s F 0.925, 0.74 F t F 0.8633 . . . with D G 2.87 . . . ) 0;
5. 0.925 F s F 0.944, 0.74 F t F 0.8633 . . . with D G 6.19 . . . ) 0;
6. 0.944 F s F 0.963, 0.74 F t F 0.8633 . . . with D G 7.99 . . . ) 0;
7. 0.963 F s F 0.9654 . . . , 0.74 F t F 0.8633 . . . with D G
510.4 . . . ) 0.
I. R. NEZHMETDINOV566
Ž .Since the conditions of Lemma 1 are fulfilled, the function h s, t has a
unique maximum on the rectangle; besides, it can be found by the steepest
descent method which is done here by using the package Mathematica. To
Ž . Ž .complete the proof it remains to express a from the relations 8 , 12 ,0
Ž .and 16 .
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